Abstract. In this paper we answer two questions posed by [Cat15] , thus achieving in particular a description of the connected components of Teichmüller space corresponding to Generalized Hyperelliptic Manifolds X. These are the quotients X = T /G of a complex torus T by the free action of a finite group G, and they are also the Kähler classifying spaces for a certain class of Euclidean cristallographic groups Γ, the ones which are torsion free and even.
Introduction
The classical hyperelliptic surfaces are the quotients of a complex torus of dimension 2 by a finite group G acting freely, and in such a way that the quotient is not again a complex torus.
These surfaces were classified by Bagnera and de Franchis ( [BdF08] , see also [ES09] and [BPHV] ) and they are obtained as quotients (E 1 × E 2 )/G where E 1 , E 2 are two elliptic curves, and G is an abelian group acting on E 1 by translations, and on E 2 effectively and in such a way that E 2 /G ∼ = P 1 . In higher dimension we define the Generalized Hyperelliptic Manifolds (GHM) as quotients T /G of a (compact) complex torus T by a finite group G acting freely, and with the property that G is not a subgroup of the group of translations. Without loss of generality one can then assume that G contains no translations (since the subgroup G T of translations in G would be a normal subgroup, and if we denote G ′ = G/G T , then T /G = T ′ /G ′ , where T ′ is the torus T ′ := T /G T ). The name Bagnera-de Franchis (BdF) Manifolds was instead reserved in [Cat15] and [BCF14] for those quotients X = T /G were G contains no translations, and G is a cyclic group of order m (observe that, when T has dimension n = 2, the two notions coincide, thanks to the classification result of Bagnera-De Franchis in [BdF08] ). BdF manifolds of small dimension were studied in [Cat15] and [Dem16] .
Before stating our main theorem, recall first of all that the Teichmüller space T (X) of a compact complex manifold X is the quotient T (X) := CS(X)/Dif f 0 (X) of the space of complex structures on the oriented differentiable manifold underlying X, which are compatible with the natural orientation of X, by the diffeomorphisms of X which are isotopic to the identity. Recall also that a K(Γ, 1) manifold is a manifold M such that its universal covering is contractible, and such that π 1 (M) ∼ = Γ.
We have then:
Theorem 1. Given a Generalized Hyperelliptic Manifold X, X is Kähler and its fundamental group π 1 (X) is a torsion free even Euclidean cristallographic group Γ (see definitions 2 and 13).
Conversely, given such a torsion free even Euclidean cristallographic group Γ, there are GHM with π 1 (X) ∼ = Γ; moreover any compact Kähler manifold X which is a K(Γ, 1) is a Generalized Hyperelliptic manifold.
The subspace of the Teichmüller space T (X) corresponding to Kähler manifolds consists of a finite number of connected components, indexed by the Hodge type of the Hodge decomposition. Each such component is a product of open sets of complex Grassmannians.
Euclidean cristallographic groups
Definition 2. (i) We shall say that a group Γ is an abstract Euclidean cristallographic group if there exists an exact sequence of groups
(1) G is a finite group (2) Λ is free abelian (we shall denote its rank by r) (3) Inner conjugation Ad : Γ → Aut(Λ) has Kernel exactly Λ, hence Ad induces an embedding, called Linear part,
(ii) An affine realization defined over a field K ⊃ Z of an abstract Euclidean cristallographic group Γ is a homomorphism (necessarily injective)
for any γ a lift of g ∈ G we have:
(iii) More generally we can say that an affine realization of Γ is obtained via a lattice
Remark 3. In the previous formulae in (ii) [2] and in the following we used a shorthand notation, we extend the action of
We note that for a cristallographic group Γ, realizing it via a lattice Λ ′ as in (iii) amounts to having all the u γ inside the lattice Λ ′ , in the formula appearing in (ii) [2] .
Remark 4. Given a Euclidean cristallographic group Γ as above, the exact sequence ( * ) is unique up to isomorphism, since Λ is the unique maximal normal abelian subgroup of Γ of finite index.
In fact, if Λ ′ has the same property, then their intersection Λ 0 := Λ ∩ Λ ′ is a normal subgroup of finite index, in particular Λ 0 ⊗ Z Q = Λ ⊗ Z Q = V Q and any automorphism of Λ which is the identity on Λ 0 is the identity.
Since
Remark 5. L makes Λ and V K left G-modules, and to give an affine realization is equivalent to giving a 1-cocycle in 
Theorem 6. Given an abstract Euclidean cristallographic group there is a unique class of affine realization, for each field K ⊃ Z.
There is moreover a minimal number d ∈ N such that the realization is obtained via
Proof. Ad : Γ → GL(Λ) makes Λ a Γ-module, a trivial Λ module, hence also a G-module.
We have seen in remark 5, (b), that an affine realization is given by a cocycle u γ in Z 1 (Γ, V K ) such that u λ = λ, ∀λ ∈ Λ; and moreover the class of the realization depends only on the cohomology class in
Consider now the exact sequence of cohomology groups
Since G is a finite group and K is field of characteristic zero,
pages 355-363): hence we get an isomorphism
composition of the identity of Λ with the inclusion Λ ⊂ V K . By the above isomorphism such cohomology class exists, is unique and not equal to zero.
In particular, this applies for K = Q, and since G is finite there is an integer D such that that
. This last class has order dividing D, and we let δ be its order. Hence, setting D = dδ we obtain that [u γ ] comes from H 1 (Γ, (
Remark 7. The above result provides a correct proof for a claim made in [B-C12] and [BCF14] , thus answering the question posed in [Cat15] , remark 23 , page 312. It also generalizes the result of lemma 18, page 310 ibidem.
We have moreover Proposition 8. Suppose that Γ is an Euclidean cristallographic group, which by theorem 6 is a subgroup of Af f (V Q ). Consider a lattice Λ ′ ⊂ Λ ⊗ Z Q and let Γ ′ be the corresponding group of affine transformations of V Q , generated by Γ and Λ ′ . Then the group Γ ′ sits into a canonical exact sequence 0 → Λ ′ → Γ ′ → G → 1, and such an exact sequence splits if and only if the affine realization of Γ is defined over Λ ′ .
Proof. The group Γ ′ is obtained from Γ by adding some translations, which lie in the kernel of Ad : Af f (V Q ) → GL(V Q ), so the image Ad(Γ ′ ) coincides with G = Ad(Γ). Hence we get the exact sequence above.
Assume now that the affine realization is defined over
Clearly the homomorphism g → γ ′ yields a splitting. Conversely, if the exact sequence splits, then we have a semidirect product of Λ ′ with a group G ′ isomorphic to G. Then there is a fixed point w for the action of G ′ on V Q , obtained as w := Σ g∈G ′ gv, where v is any vector in Λ. Choosing w as the origin, we obtain an affine realization of Γ ′ defined over Λ ′ , a fortiori the same holds for Γ. in (x, λ) ∈ V × Λ. This remark shows that if the action of G on X is free it is necessary that 1 be an eigenvalue of α = L(g) for all non trivial transformations g ∈ G.
2. Actions of a finite group on a complex torus T Assume that we have the action of a finite group G ′ on a complex torus T = V /Λ ′ , where V is a complex vector space, and Λ ′ ⊗ Z R ∼ = V . Since every holomorphic map between complex tori lifts to a complex affine map of the respective universal covers, we can attach to the group G ′ the group Γ of (complex) affine transformations of V which are lifts of transformations of the group G ′ .
Proposition 11. Γ is an Euclidean cristallographic group, via the exact sequence
′ is the lattice in V such that Λ := Ker(Ad), Ad : Γ → GL(Λ ′ ). Defining G 0 to be the subgroup of G ′ consisting of all the translations in G ′ , then G 0 = Λ/Λ ′ , and moreover G ⊂ Aut(V /Λ) contains no translations.
Proof. Λ is a subgroup of the group of translations in V , hence it is obviously Abelian, and maps isomorphically onto a lattice of V which contains Λ ′ . We shall identify this lattice with Λ. Λ is normal,
Hence the datum of the action of a finite group G ′ on a complex torus T is equivalent to giving:
(1) a cristallographic group Γ (2) a G-invariant sublattice Λ ′ of the maximal normal abelian subgroup Λ of finite index (equivalently, to give a normal such sublattice Λ ′ ), so that we may set G ′ := Γ/Λ ′ (3) a complex structure J on the real vector space V R which makes the action of G complex linear. While the data (1) and (2) are discrete data, the choice of the complex structure J on V may give rise to positive dimensional moduli spaces. We introduce however (see [Cat15] ) a further discrete invariant, called Hodge type.
Definition 12. (i) Given a faithful representation G → Aut(Λ), where Λ is a free abelian group of even rank r = 2n, a G-Hodge decomposition is a G-invariant decomposition
(ii) Write Λ ⊗ C as the sum of isotypical components
Write also U χ = W χ ⊗ M χ , where W χ is the irreducible representation corresponding to the character χ, and M χ is a trivial representation whose dimension is denoted n χ .
Write accordingly
χ . Then the Hodge type of the decomposition is the datum of the dimensions ν(χ) := dim C M 1,0 χ corresponding to the Hodge summands for non real representations (observe in fact that one must have: ν(χ) + ν(χ) = dim(M χ )).
Definition 13. A cristallographic group Γ is said to be even if: i) Λ is a free abelian group of even rank r = 2n ii) considering the associated faithful representation G → Aut(Λ), for each real representation χ, M χ has even dimension (over C).
Remark 14. (i) Given a group action on a complex torus, we obtain an Euclidean cristallographic group which is even, since Λ ⊗ Z R admits a G-invariant complex structure.
(ii) Given an even cristallographic group Γ, the G-Hodge decompositions of a fixed Hodge type (satisfying the necessary condition ν(χ) + ν(χ) = dim(M χ )) are parametrized by a (non empty) open set in a product of Grassmannians, as follows.
For a non real irreducible representation χ one may simply choose 
Proof of theorem 1
1) Let X = T /G be a GHM. Then X is Kähler, since, averaging (by the action of G) a Kähler metric on T with constant coefficients, we obtain a G-invariant one, which descends to the quotient manifold X.
2) Since the universal covering of X is the vector space V , which is contractible, and X = V /π 1 (X), where π 1 (X) acts freely, we obtain, setting π 1 (X) =: Γ that X is a K(Γ, 1) manifold.
3) That Γ is an Euclidean cristallographic group follows from proposition 11, that Γ is torsion free by (II) of proposition 9, and Γ is even by (i) of remark 14. 4) If X ′ is also a compact Kähler manifold which is a K(Γ, 1) , then X ′ admits a Galois unramified covering T ′ with group G such that T ′ is a compact Kähler manifold with the same integral cohomology algebra of a complex torus, hence T ′ is a complex torus, as shown in [Cat95] , see also [Cat15] . Hence also X ′ = T ′ /G is a GHM. 5) Moreover, given an Euclidean cristallographic group such that Γ is torsion free and even, V R admits a complex structure by (i) and (ii) of remark 14, and the action of Γ on V is free since Γ is torsion free. Hence for any such complex structure we obtain a quotient X = V /Γ = (V /Λ)/G = T /G which is a GHM. 6) Observe that the family of GHM is stable by deformation in the large. Indeed, every deformation of a GHM X = T /G yields a deformation of the covering torus T (observe that the covering T → X is associated to the unique surjection π 1 (X) ∼ = Γ → G) and that in [AnSt60] , [Cat02] and [Cat04] , was proven that a deformation in the large of a complex torus is a complex torus, so that the natural family of n-dimensional complex tori is a connected component T n of the Teichmüller space T (T ) (but not the only one).
7) The connected component T n of the Teichmüller space of n-dimensional complex tori (see [Cat02] , [Cat04] and [Cat13] ) is the open set T n of the complex Grassmann Manifold Gr(n, 2n), image of the open set of matrices F := {Ω ∈ Mat(2n, n; C) | i n det(ΩΩ) > 0}. Over F lies the following tautological family of complex tori: consider a fixed lattice Λ := Z 2n , and associate to each matrix Ω as above the subspace V of C 2n ∼ = Λ ⊗ C given as
so that V ∈ Gr(n, 2n) and Λ ⊗ C ∼ = V ⊕V . To V we associate then the torus
p V : V ⊕V → V being the projection onto the first summand. The crystallographic group Γ determines an action of G ⊂ SL(2n, Z) on F and on T n , obtained by multiplying the matrix Ω with matrices g ∈ G on the right.
Define then T G n as the locus of fixed points for the action of G. If V ∈ T G n , then G acts as a group of biholomorphisms of T V , and we associate then to such a V the GHM
Since the induced family X → T G n is differentially trivial, we obtain a map ψ : T G n → T (X). 8) We see that T G n consists of a finite number of components, indexed by the Hodge type of the Hodge decomposition. Observe in fact that the Hodge type is invariant by deformation, so it distinguishes a finite number of connected components of T G n . That these connected components are just a product of Grassmannians follows from (ii) of remark 14.
9) Assume in greater generality that we have an unramified Galois cover p : Y → X such that the associated subgroup π 1 (Y ) =: Λ is a characteristic subgroup of π 1 (X) =: Γ, and denote by G the quotient group. Then, via pull back, the space CS(X) of complex structures J ′ on X is contained in the space CS(Y ) of complex structures J on Y , and is actually equal to the fixed locus of G,
10) Since Λ is a characteristic subgroup, all diffeomorphisms of X lift to Y , and we have an exact sequence
since the diffeomorphisms in the normalizer N Y (G) of G are the deffeomorphisms which descend to X. 11) If X, Y are classifying spaces, then Dif f (X) 0 is the subgroup acting trivially on π 1 (X) = Γ, and similarly for Y .
12) In our case G acts non-trivially on the first homology, hence we get an inclusion Dif f (X) 0 ⊂ Dif f (T ) 0 , as the normalizer subgroup N Y (G) 0 of G. 13) We consider now Teichmüller space T (X) = CS(X)/Dif f (X) 0 . Because of 9) and 12),
We get therefore a continuous map j :
where T (Y )
G is the image of CS(Y ) G inside T (Y ). 14) We want to show that in our case j is a homeomorphism, at least when restricted to the inverse image of T n , which we denote by T (X) GH .
It suffices to observe that j and ψ are inverse to each other, and to show that they are local homeomorphisms. We use remark 14 and proposition 15 of [Cat13] . In fact, locally for the torus T such that X = T /G, Teichmüller space T (T ) is locally the Kuranishi space Def (T ), and in turn Def (X) is the closed subspace Def (X) = Def (Y ) G of fixed points for the action of G.
Locally there is a surjection Def (X) → T (X). Composing it with j we get the composition of the inclusion Def (X) ⊂ Def (T ) with the local homeomorphism Def (T ) ∼ = T (T ): hence the composition is injective.
By 3) remark 14 of [Cat13] Def (X) → T (X) is a local homeomorphism and we can also conclude that j is a homeomorphism with its image T (T ) G .
3.1. Concluding remark. We raise the following question: given a generalized Hyperelliptic Manifold X, classify the projective manifolds which are a deformation of X (see [Dem16] for the special case of Bagnera de Franchis manifolds and [UY76] and [Lan01] for results in dimension 3).
